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Abstract. 

It is known that some results for spinors, and in particular for superenergy spinors, are much less transparent 
OO [ and require a lot more effort to establish, when considered from the tensor viewpoint. In this paper we 

demonstrate how the use of dimensionally dependent tensor identities enables us to derive a number of 4- 
dimensional identities by straightforward tensor methods in a signature independent manner. In particular, 
^ . we consider the quadratic identity for the Bel- Robinson tensor TabcxT°'^'^y = 5% TabcdT'^'^'^'^ / A: and also the 

0^ ' new conservation laws for the Chevreton tensor, both of which have been obtained by spinor means; both of 

^\ . these results are rederived by tensor means for 4-dimensional spaces of any signature, using dimensionally 

dependent identities, and also we are able to conclude that there are no direct higher dimensional analogues. 
In addition we demonstrate a simple way to show non-existense of such identities via counter examples; 
' in particular we show that there is no non-trivial Bel tensor analogue of this simple Bel-Robinson tensor 

. quadratic identity. On the other hand, as a sample of the power of generalising dimensionally dependent 

' tensor identities from four to higher dimensions, we show that the symmetry structure, trace-free and 

divergence-free nature of the four dimensional Bel-Robinson tensor does have an analogue for a class of 
' tensors in higher dimensions. 



1 Introduction. 

. ^ Investigations connected with the Bel-Robinson tensor [1] in four dimensions are usually much simpler and 

■ more efficient when carried out in spinor formalism [2]. Senovilla [3] has demonstrated that a much larger 

class of tensors — superenergy tensors — share most of the desirable properties of the Bel-Robinson tensor, 
and Bergqvist [4] has shown how superenergy spinors give a simpler and more efficient presentation of 
certain aspects of these superenergy tensors. Recently, Bergqvist, Eriksson and Senovilla [5] have obtained 
new conservation laws for the electromagnetic field using superenergy spinor considerations, and emphasised 
that the proof of this result is far from obvious from the tensor point of view. 

It is reassuring to know that certain important but perhaps unexpected properties — disguised in the 
complexities of the tensor formalism — become more transparent in the spinor formalism; but the parallel and 
more transparent spinor investigations are restricted to 4-dimensional spacetimes with Lorentz signature, and 
so this assistance is not available in higher dimensions nor in four dimensional spaces with other signatures. 
Deser [6] has emphasised the significance of the Bel- Robinson tensor in higher dimensions, and one of the 
important features of Senovilla's method of construction of superenergy tensors [3] is that it is applicable 
to arbitrary fields in any dimension; and so, for higher dimensions, it becomes an obvious concern whether 
there could be unexpected properties for superenergy tensors — disguised in the even deeper complexities 
of tensor formalism in higher dimensions — analogous to those properties revealed by spinor formalism in 
four dimensions. 

Deeper investigations into the interaction between dimension and tensor identities have been instrumental in 
illustrating the uniqueness of some of the Bel- Robinson tensor's properties in four dimensions [6], explaining 
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the c;ollapsc of some Riemann scalar im'ariants in four dimensions [7] , resolving apparent disparities between 
the spinor and tensors versions of the wave equations for the Weyl tensor and Lanczos potential [8,9,10,11] 
respectively. Moreover, in higher dimensions, worries concerning counterterms in Lagrangians [12,13] have 
been dispelled, and the Bel-Robinson tensor has been shown to be fully symmetric in five dimensions (as 
well as in four dimensions) [3]. 

Much earlier. Lovelock [14] had pointed out that a number of apparently unrelated results were all really 

consequences of a class of identities which he christened dimensionally dependent identities identities which 
are a trivial, but subtle, consequence of dimension alone. Recently Edgar and Hoglund [15] have generalised 
Lovelock's results, and demonstrated that the underlying principle in all of these investigations in [6 - 13], and 
some new ones, was the explicit exploitation of dimensionally dependent identities. Furthermore, in algebraic 
Rainich theory, Bergqvist and Hoglund [16] have exploited these ideas further, and obtained results in five 
dimensions involving cubic terms in the energy momentum tensor — motivated by the familiar results in four 
dimensions involving quadratic terms, [17]; while Edgar and Hoglund [18] have demonstrated the crucial role 
that dimensionally dependent identities play in the existence of the Lanczos potential for the Weyl tensor in 
different dimensions. 

Deser [19] has applied the adjective 'ubiquitous' to the Bel-Robinson tensor, and this description is equally 
appropriate to dimensionally dependent identities as can be seen by the wide range of the investigations in [6 
- 13], the applications given by Lovelock [14], and the more recent applications in [15,16,18]. In fact, Deser 
has argued elsewhere [6], that two identities (which are examples of what we call dimensionally dependent 
identities in four dimensions) are in a sense implicit in the familiar definitions of the Bel-Robinson tensor in 
four dimensions. 

The purpose of this present paper is to emphasise the subtle interaction between dimension and tensor 
identities, and illustrate the important role which can be played by fundamental dim,ensionally dependent 
identities in investigations where tensor identities are important, in particular involving supcrcnergy tensors. 
(We shall refer to the most fundamental dimensionally dependent identities as 'fddis', and to any identities 
constructed from these as 'ddis'). Our overall aim is to examine useful and significant properties in four 
dimensions — usually originating as spinor identities — and identify the kernel 4-dimensional fddi; then we 
will use the higher dimensional analogues of the kernel fddi to try and establish analogous results in higher 
dimensions. This will involve two different stages of investigation: 

Step 1. The first step is to establish A- dimensional signature-independent tensor versions and proofs of 
interesting spinor identities and/or reconcile apparent discrepencies between spinor and tensor results. We 
stress the need for signature-independent proofs for the following reason: results obtained using spinors 
strictly can claim to be valid only in 4-dimensional spacetimes with Lorentz signature. Of course there are 
results in such spaces which have no counterpart in other signatures (e.g., results concerning principle null 
directions of the Weyl tensor) , but we encounter an uncertain situation when we consider results which can 
be stated in tensors with no apparent reference to signature, but which were derived in spinors, or derived 
in tensors but using features which are signature dependent^. The familiar identity for the Bel- Robinson 
tensor 

in four dimensions is an important example of such a situation; we would wish to understand whether 
dimension and signature have crucial roles in this result -f. 

^ When some results, which had been obtained by spinor means for the Weyl spinor [12] and Lanczos spinor 
[20], proved difficult to reproduce by tensor analysis there was speculation in [12] and [20] respectively 
that these results could be obtained only by spinor means. However, in these particular cases, signature 
independent versions were obtained by use of 4-dimensional tensor fddis. in [13,15] and [11] respectively. 
Identity (1) is quoted in [21] with a reference to a proof by Debever in [22]; this proof is a lot more complicated 
than the spinor proof in [2] . Moreover, Debever's proof is also explicitly for a Lorentz spacetime; he makes 
use of the principle null directions, and it is not easy to see how this proof could be generalised to other 
signatures of 4-dimensional spaces, or to higher dimensions. Hence the identity has really only been proven 
in [2] and [22] for 4-dimensional spacetimes with Lorentz signature, and strictly its applicability to other 
signatures has not been confirmed in those proofs. 
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In spinor calculations the dimension four is inbuilt into the formalism; in tensor calculations a non-arbitrary 
dimension such as four has to be put in explicitly 'by hand'. However, it is not always sufficient just to 
substitute n = 4 in explicit calculations; in some cases the substitution needed is more subtle — it is achieved 
by the use of one or more fddis, but it is clear that there is no direct spinor analogue of a 4-dimensional fddi 
— the spinor version is trivially zero. 

So, for example, the Lanczos spinor potential for the Weyl spinor Labcd' = Li^abc)d', in Ricci flat spaces, 
was found by lUge [10] to satisfy the very simple equation 

nLABCD'=0 (2) 

while the corresponding tensor equation for the Lanczos tensor Labc = L^ab]ci L'^ac = = L[a6c] is calculated 
to be [9,11] 

V^Labc + — Tr-^a^WAb] = '^L^b'"^Ca]dec " deabL'^" c H 7i9c[aCb]fedL^'"^ (3) 

where Cabcd is the Weyl tensor. In four dimensions, obviously it cannot be sufficient simply to substitute 
n = 4, since we know from the spinor version that the right hand side must disappear completely in four 
dimensions. But if we consider the 4-dimensional fddi C^ab^'^'^^'f] = [14,15] (quoted in Lemma 3 at the end 
of this section), we find that, when contracted with Ld,e^ , we obtain the ddi, 

2L[i,''' Ca]edc - ■^L'^'^cCdeab + ^L'''^'' f)c[aCb]def = (4) 

which ensures that the whole of the right hand side of (3) disappears in four dimensions [10]. 

Step 2. Once the 4-dimensional version is fully understood and the 4-dimensional kernel fddi obtained, the 
second step will be to determine what generalisations are possible using the higher dimensional counterpart 
fddis of the 4-dimcnsional kernel fddi. Occasionally these generalisations can be quite straightforward (e.g., 
discovering that a 4-dimensional result is also valid in five dimensions [3,15]); or more complicated involving 
a restructuring of the 4-dimensional result in higher dimensions (e.g., finding a 5-dimensional result involving 
triple products of Maxwell tensors as a generalisation of a 4-dimensional result involving double products of 
Maxwell tensors [16]). 

The remainder of the paper is organised as follows. In Section 2 we deduce four different spinor identities 
which are special cases of one very simple general spinor identity; but in Section 3 we find that the 4- 
dimcnsional signature- independent tensor version of each of these identities requires a very different tensor 
proof — some of which are very complicated — although the unifying characteristic in all is the use of ddis. 
In Section 4 we show that the Bel superenergy tensor does not satisfy the same simple identity (1) in four 
dimensions, and in Section 5 we show that the Bel- Robinson tensor does not satisfy any analogous identity 
to (1) in five dimensions. In Section 7 we rederive the new conservation laws for electromagnetic theory [5] 
by using a number of 4-dimensional tensor ddis; these 4-dimensional tensor ddis cannot be replaced directly 
with higher dimensional ddis, and so there is no direct higher dimensional analogue of this law. 
As noted above, the second step in such investigations is to attempt generalisation of 4-dimensional results 
to higher dinensions once we have identified the kernel tensor fddi in four dimensions. In Section 6 we give 
the 4-dimensional tensor counterparts to two trivial spinor results involving the symmetry properties of the 
Bel-Robinson and Lanczos superenergy spinors: these results both involve 4-dimensional fddis, and in the 
case of the Bel- Robinson superenergy tensor, by means of the analogous 5-dimensional fddi we show that 
exactly the same result is true in five dimensions. 

A more ambitious generalisation is proposed in Section 8. We illustrate this approach by considering a 
superenergy tensor which is a natural generalisation of the Bel-Robinson tensor, and show that it shares its 

attractive properties of full index symmetry and zero divergence in seven and lower dimensions, as well as 
being trace-free in six dimensions. A summary is given, and future developments are proposed in Section 9. 

It will be useful to have for reference a number of lemmas which are simply tensor ddis in four dimensions. 
Many familiar identities ostensibly involve the Weyl or Riemann tensors directly or indirectly, but on closer 



3 



inspection have a more general character being simply algebraic, involving 'candidates'^ for Weyl, Riemann, 
Lanczos or other tensors. In this paper, we shall give the results for the more general 'candidates' where 
appropriate. 

The following lemmas can be found in [15], or can be deduced from results there. The first three of these 
lemmas are fddis obtained by skcnv symmetrising over five indices in 4-dimensional space (and six indices 
in 5-dimensional space), and exploiting the fact that the appropriate tensors are trace- free; Lemma 4 gives 
ddis deduced from Lemma 3, but as can be seen from the details in [23], although (8a) is well-known, quite 
a lot of work is involved in obtaining (8b,c,d). 
Lemma 1. In four dimensions, a 2-tensor Aab satisfies 

Ai^Mb^A/A/jfj = , (5) 

which is equivalent to the Cayley-Hamilton Theorem for the 4x4 matrix A J' when written out term by 
term. 

(We shall be concerned with two special cases from this class of tensors: trace- free Ricci candidates Sab = 
S(^ab) with = 0, and Maxwell tensors Fab = P[ab]-) 

Lemma 2. A Lanczos candidate Labc with properties Labc = -£[a6]c) L^ac = = L^abc]^ satisfies 



L[ab^'^ <^frf]' =0 in four dimensions, (6a) 

L^ab^^ ^cde] = *^ dimensions. (66) 

Lemma 3. A Weyl candidate Cab"'' satisfies 

C[ab^'^'^ =0 in four dimensions, (7a) 

C[ab^^^ ^cd] =0 dimensions. {7b) 

Lemma 4. In four dimensions, a Weyl candidate Cab"'' satisfies 

(a) Cabc.C'''"'' = 51 CabcdC'^""^!^ , (8a) 

(b) c^KdC^^fCi^^ = sy ^K^c^^fC^'^al^ , (86) 

(c) Cy\dG''%sC^KnC''%^ = 51 C'"^dC"^%/C'^'^ehC'''%a/4 , (8c) 

(c) cyKdC^^fC^^^^cKg, = 51 &\dC''\fCi'^%c'',ga/^ ■ m 



It is obvious from the constructions that these identities for four/five dimensions are valid in four/five and 
lower dimensions. So, for instance (6b) is also valid in four dimensions, but the only non-trivial information 
is in its trace in four dimensions, which is equivalent to (6a); on the otherhand, in five dimensions, the trace 
of the left hand side of (6b) is identically zero, giving a trivial result. Of course no Weyl candidates exist 
in dimensions less than four, but for the other tensors, these lemmas are nontrivial in lower dimensions. 
However, we shall not be concerned with dimensions less than four in this paper. Although stated for 

t A 'candidate' of a tensor such as the Riemann or Weyl tensor is a tensor with the same index and trace 
properties, but sharing no other properties, such as differential properties; we shall designate such candidates 
with the symbol " . So, for example a 'Weyl candidate tensor' Gated is defined by the properties Gated = 
G[at]cd = Gat[cd]: Gaibcd] = 0, tea = 0. We shall follow the usual notation [2] with Rabcd, Gated, Sat, R for 
Riemann, Weyl, trace-free Ricci tensors and Ricci scalar respectively; their 'candidates' will be respectively 
Rated, Gated, Sat, R- We shall also follow the usual notation for the Weyl and Ricci spinors respectively 
'^ABCD,^ABC'D', and scalar A(= R/2A); their 'candidates' will be respectively, abcd,^ abc d' , A. In 
addition we will use the Lanczos spinor Labcd' = L(^abc)d', and Lanczos tensor Labc = L^ab]c, L'^ac = = 
L[abc] [9,11] with corresponding 'candidates' Labcd and Labc- 
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Lanczos and Wcyl candidates (which is all wc rcqnirc^ in this paper), a number of these results are valid for 
more general tensors; in particular the antisymmetry property L^^bc] = can be relaxed in Lemma 2, and 
the antisymmetry Ca[bcd] = can be relaxed in Lemma 3 and Lemma 4(a,b). 



2. Simple Spinor Identities. 

We begin with the following spinor result which generalises Penrose's original derivation [2] for Bel-Robinson 
tensors: 

Theorem 1. A spinor which factorises according to Tj[xA'X' ~ 4:VsxVs'X' satisfies 

T5X5'X'T^^"5'y' ^ e^^e^,>"T5^5'A'T"5^^'^74 (9) 

where S, S' each represent an odd number of spinor indices. 
Proof. 

VsxV^'' = Vs^'V^x + cx^'VsaV^^ = -V^^^Ysx + ex'^VsAV^^ 
with the negative sign arising by 'see-sawing' the odd number of indices in <S. Hence 

VsxV^'' = ex^YsAV^^I-l (10) 

Multiplying by the complex conjugate 

t<s'X'F^'^V5xV^^ = ex^VsAV^^ex^'Vs'A'y^'^' 1^ 

and substituting for T sxs'X' ^ sys'Y' gives the result. '0* 
From Theorem 1 wc; sec that the types of indices in the collection of indices represented by S do not matter; 
only the fact that there is an odd number. In this paper we shall be concentrating on 4-index tensors Tahcd 
equivalently 'Tabcda'B'C'D'\ and in particular from [4], 

• the superenergy spinor of the Weyl (candidate) spinor ^ abcd (i-e., the Bel- Robinson superenergy spinor) 
is given by 

T^\aBCDA'B'C'D' = 'i'i'ABCD^A'B'C'D' (H^) 

• the superenergy spinor of the Ricci (candidate) spinor ^abc d' is given by 

T[^]aBCDA'B'C'D' = 4:^ABC'D'^CDA'B' (11^) 

• the superenergy spinor of the Ricci (candidate) scalar A is given by 

T[A]abCDA'B'C'D' ~ 'i^'^i^AC'^BD + <^AD<^Bc){<^A'C'^B'D' + (- A' D' ^-B' c) (Hc) 

• the superenergy spinor of the Weyl- Ricci scalar (candidate) spinor Xabcd is given by 

T[x\abcda'b'C'd' = ^XabcdXa'b'C'd' 

= 4:(i!ABCD + M^AC^BD + £AD^BC)^ (^^A'B'C'D' + M^A'C'^B'D' + eA'D'CB'C')) 

= T[i!] + T[A] 

+ 4:A(^^ A' B'C'D'i^AC^BD + ^AD^Bc) + ^ ABCd{^A'C'^B'D' + ^A'D'^B'C')^ ■ 

(lid) 

Theorem 1 immediately specialises to, 

Theorem 2. The four superenergy spinors in (11) T[^], T[$], T[A], T[x] all obey the identity 

/T- ^ABCYA'B'C'Y' ^ Y^ Y' rj- ^ABCDA'B'C'D' ia /-,o^ 

■IabCXA'B'C'X' -l = £X eX' -IabCDA'B'C'D' -l /4 . (IZ) 
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The simplicity of the above theorems is due to the fact that the superencrgy spinors were simple direct 
products involving a spinor times its conjugate; it should be noted that even more general identities could 
have been obtained for these four spinors, as well as for more general spinors with the same simple product 
structure — not just from the point of view of relaxing the index symmetries, but also from freeing more 
indices, [2]. 

However the Bel superenergy spinor (the superenergy spinor for the Riemann (candidate) spinor) [2,4] and 
the Lanczos superenergy spinor (the superenergy spinor for the Lanczos (candidate) spinor), [4], do not have 
such a simple structure as can be seen below: 

BaBCDA'B'C'D' = ^{XABCDXA'B'C'D' + ^ABC'D'^CDA'B') 
= 4:(i!ABCD + H^AC^BD + e^Desc)) 

X i^A'B'C'D' + A{eA'C'^B'D' + ^A'D'CB'C')] + ^^ABC D'^CDA' B' 

= ABCD'^A'B'C'D' + '^ABC'D''^CDA'B' 

+ ^^{^AC^BD + iADiBc){<^A'C'^B'D' + ^A'D'iB'c) 

+ A'^ABCDi^A'C'^B'D' + ^A'D'^B'c) + ^^'^ A' B'C D' {^AC^BD + ^AD^Bc)^ 

(where we have used the notation B rather than the more consistent T[I{\ simply for ease of presentation), 
and 

T^i^lABCDA'B'C'D' = '^{J^ABCD'La'B'C'D + Labdc La' B' D' cj (14) 

where Labcd' = L(abc)d'- 

It is easy to see that simple identities such as (12) do not hold in these cases. However this does not rule 
out the possibility of other, more complicated, identities. We shall look further at both of these tensors in 
Section 6, and at possible identities for the Bel tensor in Section 4. 



3. Simple Tensor Identities. 

We now wish to confirm the tensor versions of the four identities in Theorem 2 by tensor means. We 
shall discover that although the above four identities had essentially the same spinor proofs, the proofs 
for their superenergy tensor counterparts require very different amounts of calculations. We first give the 
corresponding n-dimensional basic superenergy tensors of the appropriate double 2-forms. 
In n-dimensional spaces from [3] , 

• the basic Bel-Robinson tensor [1] (equivalent to the Bel-Robinson spinor T[^']) is given by 

1 , . 1 - - ^ 1 . . 

T[C\abcd = CapcqC\^ -\- CapdqCb^ — -^dabCrpcqC^^ d"^ — ■^QcdCaprqCb^^'^ + —fl<ib9cdCsprqC^^^'' > (15) 

• the basic trace-free Ricci superenergy tensor (equivalent to the superenergy spinor for the Ricci (candidate) 
spinor T[>l]) is given — via the tensort i^^^cd = {Sacgbd - Sadgbc + ShdQac - Sbc9ad)/{n - 2) — by, 

T^[E]abcd = EaecfEh^d^ + EaedfEb^J — ^dabEefcgE^'^ d^ - ^ScdEaefgEb^^^ + -^9abgcdEefghEefgh 

SabScd H 2 — ^a{cSd)b ~ SbpS^d^gc)a — SapS^d^Q^-^b H ^ — ScpSd^Qab H ^ — SapSb^Qcd 



+ ^^^-^gabgcdSpqSP'' + ^ga{cgd)bSpqSP''^/(n - 2f , 



(16) 



t Note that the superenergy tensor constructed for the trace-free Ricci candidate tensor Sab via the double 
2-form Eabcd is different from the superenergy tensor constructed for the trace-free Ricci candidate tensor 
directly via the double 1-form Sab [3]. 



• the basic Ricci scalar supcrcncrgy tensor (equivalent to the superenergy spinor for the Ricci (candidate) 
scalar T[A]) is given — via the tensor Gabcd = R{9ac9bd - gadgbc)/n{n - 1) — by 

'^[Mabcd = GaecfGb^d^ + GaedfGb^J - 7;9abGefcgG^^ d^ - -^9cdGaefgGb^-^^ + -^9abgcdGefghG^'^^^ 

, 2 2 ^ (17) 

-o/^/ - 9/( + 16 \ ; 2/ -.\2 

= R \ 2(n- 2)ga(c9d)b + ^ 9ab9cd )/n [n-l) , 

• the basic supcrcncrgy tensor for the x (candidate) tensor (equivalent to the supcrcncrgy spinor for the x 
(candidate) spinor T[x]) is given — via the tensor Xabcd = Cabcd + R{9ac9bd - 9adgbc)ln{n - 1) — by 

T\x\abcd = XaecfXb^d^ + XaedfXb" J - ^gabXefcgX^^ d^ - ^gcdXaefgXb^^^ + ^gab9cdXefghX^^^^ ^^^^ 

= T[C]abcd + T[A]abcd + '2R{Cacbd + Cadbc) /n{n - 1) . 
In 4-dimensional space [3, 26], 

• T[C]abcd has the same form as the n-dimensional case 

• T[E]abcd simphfies to 

"^[Ejabcd = SabScd + SapSb^gcd + ScpScfgab - iSpi^aSb^ gcd) + -^SpqS'''' {gacgbd + gadgbc - gab9cd) , (19) 

• T[A]abcd simphfies to 

T[A]abcd = R^{'^9a{cgd)b - 9abgcd)ll'^'^ , (20) 

abed simplifies to 

R 

T[x]abcd = T[C]abcd + -^{Cacbd + Cadbc) + T[A]abcd • (^1) 

It is clear that all of the above superenergy tensors have the properties 

%ibcd = T{ab)(cd) (22) 

and some have additional symmetry properties, e.g., for the Bel tensor (in four and five dimensions), and 
the Lanczos superenergy tensor (in four dimensions), Tabcd = T{abcd) as we shall show in Section 6. All of 
the above are labelled basic superenergy tensors to distinguish from the more general superenergy tensors 
which can be obtained by taking linear combinations — with positive constant coefficients — of different 
basic superenergy tensors, obtained by index permutations [3]. 
We now give the 4-dimensional tensor counterparts of Theorem 2. 

Theorem 2a. In 4-dimensional spaces the Bel-Robinson tensor T[C]abcd in (15) satisfies 

T[C]abc.T[C]'''"y = 51 T\C\abcdT\Cr'""'l^ (23) 
Proof. Substituting directly we obtain 

T[q„6exT[(7]«''^^ - -^51 T\&\abodnCr'""' 

— cd^ bf^ eh^ gx T -^O cd^ bf^ egx cd^ eb^ gh y 

/yyb Acd Aef Agh i /y /yabcd/^ey Agh 
-C cd^ eb^ gh^ xf + f-^abcd^ ^ gh^ ex 

+ \syC''\dC'"'ebC'^ghC'\f - ^SyC'''""'CabcdC'^'''Cefgh ^^^^ 

yh 



n/yab /ycd /^ef r^qh j ^ /yabcd/^ /yefqh/y \ 
- 20 cd(^ eh^ gh^ "-^16 ^af>cd<~^ ^efghj • 



Using Lemma 4a a number of times gives the simpler expression 

We can now apply Lemma 4b to the first and third terms, and Lemma 4c to the second and fourth terms, 
to obtain the required result. 

Theorem 2b. 

In 4-dimensional spaces, the superenergy tensor T[E]abcd given in (19) satisfies 

T[EUc.T[Er'''y = 51 T[EUcdT[ET""'/'^ (26) 

Proof. 

Substituting directly we obtain 

nsUcnEr'^y - ^sy TiEUcdnEV^'' 

= -35^s^5^d5'^, + Isy^'s^bScdS^'^ + syj\s\s'=a + ^6ys\s''cS'dS''a - hyJ^-'SabScdS''' 

2 4 o 



(27) 



But the right-hand side of this equation is precisely 

5^ S\S\S%S''d] = 0, (28) 

where we have made use of Lemma 1. 
Theorem 2c. 

In 4-dimensional spaces, the superenergy tensor T[A]abcd given in (20) satisfies 

T[AUc.T[Ar''y = 51 T[kUcdT[kr'""'lA (29) 

Proof. The result follows from a direct calculation. 'O' 
Theorem 2d. 

In 4-dimensional spaces, the superenergy tensor T[x]a5cd given in (21) satisfies 

nxUcrixT'"' = 51 T[x]a6cdT[x]«''^V4 (30) 

Proof. 



= T[c]abc.T[cr'''y + T[A]abc.T[A]-'''y + 1 (T[cr'-y{Cacb. + Ca,bc) + ncUcic"'"'' + C'^'^'l) 



R, 
6 



(31) 

where the last term was obtained using Lemma 4a. 

We can apply Theorems 2a and 2c to the first and second terms respectively; however, to complete the proof 
we need to use cubic identities for the Weyl tensor; the details are given in [23]. O 



Wc note that in Theorems 2,a,b,d cxpUcit 4-dimensional fddis were used in the proofs; it seems imhkely 
that direct generahsations can be obtained by using analogous fddis in higher dimensions; more likely, higher 
order identities would need to be considered. Theorem 2c was obtained by a direct calculation, and in 
fact an analogous identity is clearly obtainable in n dimensions because of the very simple structure of the 
superenergy tensor in this case. 



4. Absence of simple identities for the Bel Superenergy Tensor. 

The Bel tensor, the superenergy tensor for the Riemann tensor, in n dimensions [3] is 

Babcd ~ ^apcq-^b^ d^ ^apdq-^b^ c^ "^Oab-^rpcq-^ ^ d^ "^Ocd-^aprq-^b^ ^ ~t~ "^QabQcd-^sprq-^ ^ ^ (*^^) 

with the obvious properties 

ISabcd = B(ab)cd = ^ab(cd) = ^cdab) T^"' acd = Oj (33) 

(We continue to use the notation Babcd rather than the more consistent 'T[I{\abcd-) 
Substituting the usual decomposition of the Riemann tensor gives the alternative form [3], [15] 

Babcd = '^[G\abcd + '^[E]abcd + Qabcd (32') 

where 

Qabcd = _ ^ [^'^C\cd)(aSb)i - 4^C\ab)icSd)i + '^Sij[Ca\c gd)b " CJd''9ab + Cb\c9d)a " Cah^'Qcd)^ 

2R - . ^^'^^ 

H 7 7T {Cacbd + Cadbc) ■ 

n[n — 1) 

In four dimensions we get 

R 

Qabcd = -riCacbd + Cadbc) ■ 
D 

This last simplification is not obvious in tensors, although it is in spinors (lid); by tensors, it is obtained 
either by manipulation with duals [3], or via a 4-dimensional ddi, [15] 

S'Aab^'^Sij s . (35) 

The Bel tensor is a generalisation of the Bel-Robinson tensor, and an obvious question is whether it also 
satisfies similar types of quadratic identity in four dimensions as the Bel-Robinson tensor does. From spinor 
considerations it does not look very hopeful, so we investigate the possibility via examples rather than look 
for general results. 

Because of the additional terms in the Bel tensor compared to the Bel-Robinson tensor we introduce 

Ba'^cb = Bab ^Bba, B = B\ (36) 

and so we consider the general quadratic identity with two free indices with the structure 

kiBabc.B"-^''' + k2BabcxB'''^y + ksBab.^B-^ + kiBa^b'^B'--^ + k^Ba^B'^y + keBB^y oc (37) 

with constants fci, /ce- By substituting the Bel tensors of explicit spaces^ in the left hand side, we are led 
to conjecture that, in 4-dimensional spaces, the Bel tensor satisfies the quadratic identity 

2B„[(„],B«[^^1^ - B^aB^y + 2BabBa^''K + ^BB^y = 51 (2B„[(„]rfS«[^^l'' - 2S„feB«^ + \b^)/A . (38) 



t In fact the choice of the van Stockum metric [24] ds^ = -dt^ - 2ap^dtd(j) - e'^'^^dp^ + e~'^°'Pdz^ + (p^ - 
a'^p^)d(jP (available in GRTensorll [25]) will give a one parameter solution for the constants used above, and 
substituting these values leads to the identity (38). 



So it appears that the Bel tensor may have a quadratic identity, whieh rather surprisingly does not reduce to 
the Bel-Robinson identity in the vacuum case. However, closer inspection reveals that this identity is trivial 
in the following sense: the properties B'^^^c]'^ = B["[bc]'*' = S[(,'"''lc]5 ^^[bcd] = mean that we can consider 
Babcd = B^''[ab]'^ ^s a Riemann candidate and (38) becomes 

BabcB-'^" = Sy BabcdB^'^'V^ (39) 

where Babcd is the trace-free part of Babcd, i-e., its Weyl candidate. But (39) is just the identity in Lemma 
4a which is a consequence of only the trace-free 2-form structure and the fact that we are in 4-dimensional 

space; it has nothing to do with the superenergy structure of Babcd o-s o- linear combination of products of 
Riemann candidates. 

Hence this identity is of no interest to us in the context of superenergy tensors, and so, 

Theorem 3. In 4-dirnensional spaces, the Bel superenergy tensor (32) Babcd, for a Riemann (candidate) 

tensor Rabcd, does not satisfy any non-trivial quadratic identity with the structure (37). ■()> 



5. Absence of simple identities for Bel-Robinson Superenergy tensor in higher dimensions. 

As noted above, it has been found [3,15] that the Bel-Robinson tensor is completely symmetric in five (and 
lower) dimensions. This raises the question as to whether the above quadratic identity for the Bel-Robinson 
tensor is also valid in five dimensions; or, more generally, whether there exists any quadratic identity with 
two free indices for the Bel- Robinson tensor in five dimensions. 

Since in five dimensions the Bel-Robinson tensor is still fully symmetric, but not trace-free, the most general 
quadratic identity with two free indices which could exist would have to have the structure, 

kiTabcT-^""^ + k2TabJT"' + h%^T-y + k^V oc 51 (40) 

for constants fci, ^2, fcs, A;4, where 

Tabcd = T(abcd), Xibc'' = %ib = %a, = T ■ (41) 

To try to retrace the complicated tensor calculations of Theorem 2a, and try to replace the 4-dimensional 
fddis used there with higher dimensional fddis would be a very complicated procedure; so we try first to 
obtain a simple counterexample, and we easily obtain the following negative result. 

Theorem 4. In 5-dimensional spaces, the Bel-Robinson tensor Tabcd does not satisfy any non-trivial 
quadratic identity of the form (40). 

Proof. Generalising the 4-dimensional Kerr metric to five dimensions as ds"^ = g^^^dx^dx^ + dx"^, we can 
calculate the Bel-Robinson tensor explicitly, and when we substitute it into the left hand side of the above 
expression (40), we obtain 

kiTabcT"^^"" + k2Tab.yT^^ + fcsT^^T"^ + kiT = K51 + ( J - K)5l5l (42) 

where 

K = 144M4fci/(a;2 + a'^y^)^, J = -36M\x^ - IBa'^y'^x^ + 15aYx^ - a^y^?{ki +k2 + k3 + k^) 

in Boyer-Lindquist coordinates. So clearly, in general, there are no choices of the constants k\,k2,k3,ki 
which will give us a non-trivial identity. 
Note that we have used Bel-Robinson tensors constructed from Weyl tensors and not the more general 
candidates in this proof. This not only gives a stronger result than if candidates had been used, but was 
obtained very simply using GRTensorll [25] . 

In spaces of dimension n > 5 the Bel- Robinson tensor is no longer completely symmetric and so to investigate 
the most general possible quadratic identity with two free indices we would need to consider a much more 
complicated form than in (40). 
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6. Index symmetry of Bel-Robinson and Lanczos superenergy tensors. 

In this section we will determine the kernel fddi for two results in four dimensions; we will then show by 
considering the analogous higher dimensional fddis how, in one case there is a simple generalisation to five 
(and only five) dimensions, while in the other there is no direct generalisation to higher dimensions. 
The Bel-Robinson spinor (11a) is trivially symmetric in all indices. On the other hand, the only obvious 
symmetries from the Bel-Robinson tensor (15) are Tabcd = T^{ab)cd = %ib{cd) = Tcdab- To check if it is fully 
symmetric in all indices we examine 

1^^ „^ , , 1 ^ ^ 

'^[C']a[6c]d = -^CadefCbc"^ - Ceaf{hCc\d^ - Cfge[a9d][bCcf^^ + -^9a[b9c]dCsprqC^^'~'' ■ (43) 

We know from spinors that it must be symmetric in all indices in (at least) four dimensions, so the structure 
of (43) invites comparison with the 4-dimensional ddi for the Weyl tensor in Lemma 3 contracted with 
another Weyl tensor, i.e., 

= C[J'''S^]Cki"' , (44) 
the right hand side of which when expanded coincides precisely with (43). 

To determine whether the same result is valid in five dimensions, we consider the analogous five dimensional 
fddi in Lemma 3, and when we construct 

= 01^"^^ 6'^^]Cki'^ , (45) 
we find that its expanded right hand side also coincides precisely with (43). 

So we have demonstrated that the fact that the Bel- Robinson tensor (15) is fully symmetric in five (and 
lower) dimensions^ can be seen as a simple consequence of one 5-dimcnsional fddi. (This result was originally 
obtained for four and five dimensions seperately using duals in [3], and subsequently by the present method 
in [15].) 

For higher dimensions, from the viewpoint of fddis, wc note that the next fddi C[aiy^ ^rde] ^ ^ ™^iiy 
indices to yield (43) by a contraction with one Weyl tensor. However, it is easy to show conclusively that 
'^[C]abcd is not symmetric in higher dimensions by taking the double trace [3, 15]. 

The Lanczos superenergy spinor has the obvious symmetries T[L]abcda'b'C'd' = T[L]{ab)cd{A'B')C'D' = 
'^[L\ab{cd)A'B'{C'D') and the more general Lanczos superenergy spinor 

'i'[L]ABCDA'B'C'D' = {T[L]abCDA' B'C D' + T[L]cDABC'D'A'B') (46) 

is clearly symmetric in all indices. 

The basic Lanczos superenergy tensor (equivalent to the superenergy spinor for the Lanczos (candidate) 
spinor T[L]abc da' b'C d') is given by [3, 15] in n dimensions 

'T[L]abcd = LaicWd + LaidW c " -^gabLijcL^^ d - dcdLaijLb^ + -QabgcdLijkL''^'' ■ (47) 

t The five dimensional ddi (45) 

-^CadefCbc^^ - CeaflbGcfd^ - Cfge[a9d\[bCcf^^ + -^ga[bgc]dC sprqC^^'"' = 

which we have just exploited, is of course also valid in four dimensions; in four dimensions we can use Lemma 
4a on the penultimate term and obtain the similar but simpler four dimensional ddi, 

which is just the identity (44). Deser [6] has pointed out the significance of this identity (44) in the symmetry 
structure of the Bel- Robinson tensor in four dimensions; here we also see the significance of the 5-dimensional 
counterpart (45) in the symmetry structure of the Bel-Robinson tensor in five dimensions. 
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It has the obvious properties T[L]abcd = '^[L]{ab){cd)j but not the block symmetry Tabcd = %dab- The more 
general superenergy tensor 

f[L]abcd = [T[L]abcd + T[LUab) /2 , (48) 

which is equivalent to (46), does not obviously appear to be completely symmetric, as we know it must be 
in four dimensions at least. To determine if TlLlabcd is symmetric over all indices we examine 

f[Lr^,/ = \LbceL'^''^ - L^\^bLc] ^"^^ - ^5|,"i|e/|c]il^^l'' - <4]e/i'l^^ + J-5f,jf]Li,-.L*^'= . (49) 

The structure of (49) (including two deltas) invites comparison with the 4-dimensional ddi for the Lanczos 
tensor in Lemma 2 contracted with another Lanczos tensor, i.e., 

Q^L^J^5if^L'^\ (50) 

the right hand side of which when expanded coincides precisely with (49). So wc retrieve the result in [15], 
Theorem 5. A Lanczos superenergy tensor f[L]abcd = {T'[L]abcd + T'[L\cdab^ /"^ where T[L\abcd is given by 
(47) is symmetric in all indices in four dimensions. <0' 
To determine whether the same proof is valid in five dimensions, we consider the analogous five dimensional 
fddi in Lemma 2, and we immediately see that there are too many free indices to yield (49) by a contraction 
with one Lanczos tensor. 



7. Tensor derivation of new electromagnetic conservation law. 

We now wish to look at a particular Lanczos candidate, 

Labc = Fab-c (51) 

where F^b is an electromagnetic field tensor which satisfies the source-free Maxwell's equations 

F\;a = = F[„6;c] (52) 

and so the properties = = L^^bc] of a Lanczos candidate are automatically satisfied. Hence we could 
choose the tensor (47) with the above substitution (51) and obtain 

'^[^P]abcd = Fai;cFb;d + Fai-dFb -c " -^gabFij-cF^' -d - 9cdFai;jFb'^ + -gab9cdFij-kF''^''' (53) 

as a superenergy tensor for the electromagnetic field. In fact Senovilla [3] has shown that a tensor Cabcd, 
suggested by Chevreton [27] as an analogue for the Bel-Robinson tensor in an electromagnetic field, is just 
a linear combination of two such superenergy tensors 

Cabcd = {riVFUcd + nVFUab) /2 . (54) 

This tensor was shown in [27] to have important properties in flat space: in particular it is divergence-free, 
but this property is not valid, in general, in curved spaces. Recently Bergqvist, Eriksson and Senovilla [5] 
have used the spinor equivalent of the Chevreton tensor and given two interesting properties in curved space 
for sourcc-froc Einstein-Maxwell fields: 

• the Chevreton tensor is fully symmetric 

• the trace of the Chevreton tensor is divergence free. 

We now wish to consider the tensor versions of these results. The first of these properties is just a special 
case of the result previously derived in tensors for Lanczos candidates in 4-dimensional spaces [15], and 
given at the end of Section 4. The second property was deduced from the spinor form of the divergence of 
Cabcd and Bergqvist, Eriksson and Senovilla [5] remark that the proof of this result is far from obvious from 
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the tensor point of view. We shall now demonstrate that the result in [5] can be obtained in a direct and 
straightforward manner — until the complication at the last stages where two fddis valid in four dimensions 
have to be used explicitly. 

Theorem 6. In four dimensions, the non-zero trace Cab = Cabc' of the Chevreton superenergy tensor Cabcd 

is symmetric, trace- free and divergence- free, i.e., Cj'-b = 0. 

Proof. 

The non-zero trace of the Lanczos superenergy tensor is given by 

Cab = Cabc'' = -LaefLb^-^ + -gabLcefL^"^^ (55) 

and it is clear that it is symmetric and trace-free. The divergence is 

Ca^6 = -LaefL>"^;b - Laef;bL'''^' + \L,,f,aL'-f (56) 

Now substituting (52) and simplifying gives 

2Cj',b = - 2Fae;fF'''-'h - 2Fae:fbF'"'-^f + F^e-JaF'-^"''^' 

= - 2Fae;fF'''./ - 2Fae;f(Rh'iF''' - iF^') - 2Fae-bfF'"'f - 2F''-'f (RfbJ Fi, + Rfbe'Fai) 

+ F,,,faF^-'f 

= - 2Fae;fF'''./ - 2Fae;f(Rh'iF'' - R^ i^') - SF^^.-buF"''^^ + F.b-afF''''^ 

- 2F'>'-^f{RfbjFi, + RfbjFai) + F,,.jaF^^-^f 

= - 2Fae;fF^^./ - 3F[„e;6]/i=^'"='^ + F.b-JaF^^'^ + 2Fb''f R^fJ Fib 

- 2Fae;f [R^b'iF'" - RfiF'-) - 2F>''-^f ^RfbjFi, + RfbjF^i) + F.^.j^F^'^-^f 



Using the source-free Maxwell's equations (52) and rearranging gives 



(57) 



2Ca^fc = ]^Fef;aR'f ibF"^ + 2Fae;fR^iF'' + 2F'>''^Rba/Fie - F^^'^ R' fbeFai (58) 

and decomposing the Riemann tensor in four dimensions gives 

2Ca^fe = \F,f,aC'f ibF""' + 2F'"^-^fCba/Fie - F'"'-^fC'fbeFai ^^^^ 

+ 2Faf.eSfiF'^ + 2F'^-^^ SifF"^ - F'^'^SafF'^ . 

We have already noted that the 4-dimensional fddi in Lemma 3, C[ab^'"^S'^] = Oi when contracted with L^e-^ 
gives the ddi (4); a further contraction with F^*" gives 

o ipcb T dc/^i jT'cfe T de \ ^ IP b t def /^t 

= Zt C-cjeda ~ o-^ a'^decb + ^-f^a ^ '-^bdef 

ie b ^ ib e i be ^^^^ 

= 2F^'^LJ'^ Cifba - -^F^^L-f^aCfeib - Fa L}"^-^ Cifbe , 

and the substitution Labc = -fa6;c into (60) means that the first three terms on the right hand side of (59) 
disappear. Next we use Einstein's equations and equate the trace-free Ricci tensor Sab to the usual expression 
for the electromagnetic energy tensor 

Sa' = Ta' = FaeF'^ - d^F.^F'^'' / A. (61) 
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Then the last three terms on the right hand side of (59) can be rearranged to give 

(V^^/F/i^e^<5fj);/^0 (62) 

since the expression inside the brackets is identically zero in four dimensions by virtue of Lemma 1, which in 
this context is equivalent to the algebraic Rainich identity T°'cT'^b = ^\ TijT'^^ /A where the energy-momentum 
tensor T",, = F'^cF'^b - 6^^ F^'F^j/A, [15]. <} 
We note that, in the proof, 4-dimensional fddis have been used explicitly on two occasions ( (60) and (62) ), 
as well as a decomposition of the Riemann tensor in four dimension. This is why the spinor proof appears 
much simpler, since the corresponding calculations in spinors just never occur. The use of the Einstein 
equations for the electromagnetic energy momentum tensor (61) is an important component of the proof; 
the last three terms on the right hand side of (59) cannot be removed by other means, such as a 4-dimensional 
ddi which was the means used to remove the first three terms. 

Prom the point of view of a direct generalisation of this method to higher dimensions, it is clear that the 
higher dimensional analogues, (e.g.. the 5-dimensional fddi in Lemma 3) would not be sufficient to reduce 
the first three terms of (59) to zero; nor would the 5-dimensional Cayley-Hamilton theorem be sufficient to 
reduce the last three terms of (59) to zero. So it would appear that there is no simple and direct generalisation 
of Theorem 6 in higher dimensions; but of course this does not rule out more involved generalisations. The 
fact that the algebraic Rainich identity was used in this 4-dimensional proof would suggest that higher 
dimensional analogues would require higher dimensional algebraic Rainich identities; in five dimensions this 
has been shown to be a cubic identity in the energy- momentum tensor T^t,. 

It may be of interest to note that the result is actually true more generally for the trace of the superenergy 
tensor T[WF]abcd- 



8. New symmetric Bel-Robinson tensor generalisations in higher dimensions. 

We have noted in Section 6 that although T[C]abcd is symmetric in four and five dimensions this result 
does not generalise to higher dimensions. However, the 5-dimensional fddi which established this result 
has a counterpart in other dimensions; so we now investigate whether we can obtain analogous symmetry 
properties for some other superenergy tensors in higher dimensions. 
Lovelock [14] has pointed out that the n-dimensional counterpart of Lemma 3 is. 

Lemma 5. In n = 2p dimensions, the trace-free double (p,p)-form Vi^i^.^iJ^^^'"^" = Vjiji^ . i^j'-'i^^ '^pl 
satisfies 

V\i.i....iJ'^''-'^S^ll=0. (63) 
This specialises in six dimensions (and lower) for a trace-free double (3,3)-form to 

V^abJ^f^ = . (64) 

The more general results in [15] include 

Lemma 6. In n < 2p -|- 1 dimensions, the trace-free double (p,p)-form Vi^i^,„iJ'^^^'''^f = Vij^j2...ip]'^^"'^ 
satisfies 

Vri,^, , jf^+^^^'^+^l =0 . (65) 

This specialises in seven dimensions (and lower) for a trace-free double (3, 3)-form to 

V^^bJf^'^Sf^^^O. (66) 

This fddi (66) is the analogue of the fddi (45) used to establish symmetry of the Bel-Robinson tensor in five 
and four dimensions. So we expect (66) to establish symmetry for some generalisation of the Bel-Robinson 
tensor such as a trace-free double (3,3)-form in seven (and lower) dimensions. 
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Scnovilla [3] has given a basic superenergy tensor for the double (3,3)-form Kabc'^^-^ = K^abc]^'^^'^^ in 
dimensions as 

T[K]abcd = ( 

^ 3 3 (g7) 

To keep things simple, and maintain the analogy with the Weyl candidate Cab"'^, we assume also that Kabc^'^^ 
is trace-free and (block) symmetric, i.e., 

K^bc"''' = 0, K^bc"'^ = K^'f^bc ■ (68) 

So T[K]abcd clearly has the symmetry properties in n-dimensions, 

T[KUcd = T[K]^,t)cd = T[KUicd) = T[KUab (69) 

To determine if T[K]abcd is symmetric in all indices we examine 



dst 
pgr 

(70) 



The structure of (70) (including two deltas) suggests that we exploit the seven dimensional identity (66) and 
investigate 

O^K[e/,['^'^C]i^^^\,,-. (71) 

When we write out (71) as 



(72) 



we easily see that the right hand side of (72) does not coincide with (70), because of an apparent discrepency 
in the respective first terms. (Using the symmetry properties (68) enables us to match up all the other 

terms.) 

However, if we consider Kabcdef to satisfy a first Bianchi-type identity 

Kablcdef] = (73) 

— as well as being trace-free and (block) symmetric — then we find that the first term on the right hand 
side of (70) becomes 

ly-a d pq Ts Ty-a dry- rydd jy pqrs fo (7A\ 

^ pq rs^[b c] — pqrs ^bcpqrs — pqrs^bc V' / 

and now it is easy to see that the right hand side of (72) coincides term by term with (70), and so we have 

proved 

Theorem 7. In seven (and less) dimensions a trace-free symmetric double (3, 3)-form Kabc'^'^^ which also 
satisfies Kab[cdef\ = has a superenergy tensor T[K]abcd given by (67) which is symmetric in all indices. 



Again, in analogy with the Bel-Robinson tensor in four dimensions we can see from a direct calculation on 
the index pair {ah) in (67), combined with Theorem 7, that 

Corollary 7.1. In six dimensions, the trace- free symmetric double (3. 3)-form Kabc'^^^ which also satisfies 
Kab[cdef] = 0, has a superenergy tensor T[K]abcd, given by (67) which is symmetric in all indices and 
trace- free on all pairs of indices. 
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Let us consider Kabcdef to be also divergence-free, i.e., 



bcdef;a 



= . 



(75) 



It is then straightforward to repeat the type of calculation which has been done for the divergence- free Weyl 
tensor in Ricci-flat spaces in n dimensions, and show that 

Corollary 7.2. If in addition Kabc'^'^^ also satisfies K'^bc<lef;a = then its superenergy tensor T[K]abcd is 
also divergence free in n dimensions., i.e.. 



We have given just this one application as a simple example to illustrate the power of the fddis in generalising 
a result to a higher dimension. However, from this pattern, we would expect to generalise Theorem 7 to 
classes of (p,p)-forms in spaces of dimension n = 2p+l. Similarly it appears likely that the result in Theorem 
5 for Lanczos candidates in four dimensions, could be generalised to classes of {p, g')-forms mn=p + q + l 
dimensions. 



9. Discussion. 

We have used ddis in many situations in this paper, both to rcdcrivc existing results, in an efficient tcnsorial 
manner, and to obtain new results. The four quadratic identities, which wc consider in Sections 2 and 
3, are all special cases of one spinor result which can be established very easily in spinors. Wc were able 
to derive the corresponding tensor identities in a manner independent of signature. However, the tensor 
versions are of varying degrees of difficulty: the familiar Bel-Robinson identity in Theorem 2a requires 
considerable preliminary work to establish lemmas for the Weyl tensor, and Theorem 2d requires Theorem 
2a together with a number of other lemmas, one involving a 'mixed' identity. The tensor derivation of the 
new conservation law for electromagnetism [5] given in Section 7 also requires 'mixed' ddis. These tensor 
derivations are very complicated, and one wonders how long it would have taken to even conjecture the 
results in Theorems 2d and 6 without the parallel spinor (or null vector) results; but it seems that there is 
no easier signature- free way in tensors, and we should train ourselves to recognise such structures in tensors. 
Of course, none of the fddis which we are using in this paper are 'new', but while ddis which involve only 
one tensor (such as quadratic identities for the Weyl tensor, or the Cayley-Hamilton theorem for the Ricci 
tensor), are familiar, on the otherhand, 'mixed' ddis such as (4), (35), (60), (62) involving more than one 
tensor and/or derivatives are much less familiar; one of the purposes of this paper is to draw attention to 
such possibilities. 

The amount of work required in these tensor calculations in four dimensions serves as a warning of the even 
more complicated calculations which will be required to establish analogous results in higher dimensions; 
the existence of fddis as 'signposts' will be invaluable. 

It is clear from the above examples that the exploitation of dimensionally dependent identities is a useful 

method, not only for confirming suspected tensor identities, but also for establishing new and perhaps 
unexpected results. For instance, when we have a particular tensor expression, a study of its structure can 
suggest an overlap between some of its terms and the terms in a dimensionally dependent identity, and so we 
have an opportunity of exploiting the latter, and discovering hitherto unexpected tensor relationships. (This 
is actually how the unexpected symmetry property of the Lanczos superenergy tensor was first recognised in 
[15].) Furthermore, once a new significant tensor relationship is established in four dimensions and the kernel 
4-dimensional fddi identified, then the analogous fddis in five dimensions and higher can be investigated with 
the hope of establishing new tensor relationships in these higher dimensions. 

Theorem 7 is an example of how to exploit this approach. We can continue to look for higher dimen- 
sional analogues of significant 4-dimensional results: the identity (63) for the trace- free double (p,p)-form 
Viii2...ip-'^-'^" -''' = V[iii2---ip]'''^''^ dimensions n = 2p leads to the quadratic identity [14] 



(76) 




. Jlj2---JpT/. . . y%2---lp _ XV !/• • 



Jlj2---JpT/-. . 



Jlj2---Jp 



/2p. 
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The quadratic identity (1) for the Bel-Robinson tensor (i.e., the superenergy tensor for the Weyl tensor 
where p = 2) in four dimensions motivates the question as to whether there exists an analogous quadratic 
identity for the superenergy tensor of (the block symmetric part of) Vij^i^,,,i ^^^^- -^p in dimension n — 2p. 
The stronger versions, and the higher dimensional generalisations will be presented elsewhere. One criticism 
of this new generalised Bel-Robinson tensor T[K]abcd would be the apparent lack of explicit connection of 
Kabc^'^^ with physical fields; we shall demonstrate in a future paper that there are indeed important links 
with the gravitational field as described by the Weyl tensor Cabcd, and that we can construct examples of 
the tensor Kabc'^'^-^ which inherit some of the properties of Cabcd- 

The result in Theorem 7 has illustrated one possible way to exploit analogous fddis in higher dimensions: to 
generalise to forms of higher rank. Another approach has been taken in the generalised Rainich problem [16], 
where higher dimensional identities analogous to 4-dimensional quadratic identities were obtained as cubic 
and higher order identities — involving very long manipulations. It seems clear from the tensor derivation of 
the new conservation law in electromagnetic theory, that direct generalisation to higher dimensions arc not 
possible. However, we would expect some sort of generalisation exploiting the higher dimensional counter- 
parts of the kernel fddis used in four dimensions. With the generalised Rainich results [16] as 'signposts' we 
would speculate there may be a generalisation of the new conservation law in five dimensions for superenergy 
tensors involving cubic terms of Tab- 
While obviously interesting and useful in themselves, the study of these identities is not an end in itself. 
What is of interest is to find identities which are sufficient as well as necessary conditions for a factorisation 
result, and to be able to study a 'generalised Rainich-Maisner- Wheeler problem'. Clearly then we will need 
the most general versions of such identities; for instance Penrose [2] has given the most general spinor version 
of the spinor identity (12) for the Bel-Robinson tensor — a quadratic identity with all indices free — and 
shown that it is also sufficient to achieve the factorisation (11a). The ddis which we have been studying in 
this paper will give us the basic structures to continue these investigations. 

Finally, we would also emphasise how simple it is to disprove conjectured identities by counterexample; 
GRTensorll, [25] is an invaluable tool for this, and it can also be efficient in enabling us to distinguish 
between trivial and non-trivial identities. We have also benefited from the use of Tensign [28], making it 
possible to guarantee the accuracy in the extensive index manipilation required in some of the results. 
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